We present sum representations for all characters of the unitary Virasoro minimal models. They can be viewed as fermionic companions of the Rocha-Caridi sum representations, the latter related to the (bosonic) Feigin-Fuchs-Felder construction. We also give fermionic representations for certain characters of the general
Introduction
Recently it was found [1] that characters (or branching functions) of the coset conformal field theories (G (1) ) 1 ×(G (1) ) 1 (G (1) ( 2) and Q indicates certain restrictions on the summation variables m which depend on the character under consideration. These expressions extend the results of Lepowsky and Primc [2] for the case G = A r to all simply-laced Lie algebras. It was also shown in [1] that these sums can be interpreted as partition functions of massless fermionic quasi-particles with non-trivial lower bounds on the single-particle momenta, which depend on the number, m a , and type, a, of quasi-particles present in a given state. This interpretation was based on an analysis [3] of Bethe's equations for the (gapless) antiferromagnetic 3-state Potts chain whose continuum limit is the c=1 conformal field theory of Z 4 -parafermions, which corresponds to the case G = A 3 in the above notation.
These fermionic sum representations have widespread applicability. The case of the Virasoro minimal models M(2, 2r + 3) was considered in [4] [5] , and the coset models (G (1) ) k U(1) r in [6] [7] . These results are all of the form (1.1). Here we generalize (1.1) to a form which encompasses a much wider class of conformal field theories. Specifically, we provide fermionic sum representations for:
• All of the characters of the unitary Virasoro minimal models M(n + 2, n + 3), which correspond to the cosets
• Certain characters of (G (1) ) k ×(G (1) ) l (G (1) ) k+l for G a simply-laced Lie algebra;
• Certain characters of non-unitary minimal models M(p, p + 2) and M(p, kp + 1);
• The identity character in the unitary N =2 superconformal series and in the Z Nparafermion theories.
As with the previous work [1] which led to (1.1), we are again motivated by an analysis of Bethe's equations for the 3-state Potts chain, this time for the ferromagnetic case [8] , which is related through an orbifold construction [9] to the r=6 RSOS model at the III/IV boundary. The corresponding partition function is the non-diagonal (D-series) modular invariant combination [10] [11] of c = 4 5 Virasoro characters.
Sum Representations for Virasoro Characters of
The characters χ
r,s (q) of the irreducible highest-weight representations with ∆
The normalization is chosen such that the χ
r,s (q) are power series in q that start out with 1. Whenever p ′ in formulas below is suppressed, it will be understood as being equal to p + 1.
To present the fermionic representations for the characters (2.1) we recall the definition of the q-binomial coefficient, that for integers n and m
where (q) m is defined by (1.2) (with (q) 0 =1). We also set
The q-binomial coefficients are polynomials in q, known as gaussian polynomials [14] .
Our main result is that the characters (2.1), for p = p ′ − 1 = n + 2 with n a positive integer, can all be written as special cases of the following general sum:
3)
n with (QI +u) a ∈ 2Z for a = 2, . . . , n, and I n and C n = 2 − I n are the incidence and Cartan matrix, respectively, of the Lie algebra A n . Explicitly, for b ≥ a and 0 otherwise.
To specify the full set of characters (2.1) denote the n-dimensional unit vector in the a-direction by e a (i.e. (e a ) b = δ ab ), set e a = 0 for a ∈ {1, . . . , n}, and let ρ ρ = e 1 + . . . + e n .
For fixed n ≥ 1 define 5) where addition of the components of the vectors on the rhs is modulo 2. Our result is that the Virasoro characters (2.1) with p − 2 = p ′ − 3 = n can be expressed as
(Note that terms in u which are proportional to e 1 can be ignored.) These representations have been conjectured on the basis of the results of [8] and have been verified in many cases to order q 100 or more using Mathematica.
Due to the symmetry (r, s)↔(n + 2 − r, n + 3 − s) of the conformal grid, another representation must also exist, namely
where we used Q n+2−r,n+3−s = Q s−1,r (in (Z 2 ) n ), which follows from the definition (2.5).
The equality of the rhs's of (2.6) and (2.7) amounts to an interesting set of identities between sums (2.3) with different "characteristics". (For (r, s) = (1, 1) and (r, s) = (n + 1, 1), labeling the corners of the conformal grid, these identities are trivial). The simplest example occurs already at n=1 for the character of the spin field of the Ising model, where (2.6) and (2.7) give
The equality of the two sums here is noted in the list of Slater [15] , eqs. (84)- (85). (It can be simply proved using the methods of the next section, in particular eq. (3.12) with M =∞.)
Fermionic Quasi-Particle Interpretation
The sum forms (1.1) have a direct interpretation as the partition functions of fermionic quasi-particles [1] . We now present such an interpretation for the form (2.3). Our treatment follows the reverse of the procedure used in [8] to derive the characters for the special case n = 3.
A quasi-particle form for an energy spectrum is a representation of the energy levels (above the ground state) in the form
with the total momentum given by
where the P a,j a are chosen to satisfy a set of rules. When one of the rules is
the spectrum is said to be fermionic.
The characters (2.6) may be viewed as partition functions constructed from the energies (3.1) as
We will show that
where v is the "speed of sound (or light)",
LkT , (3.7)
and the P a,j a (j a = 1, 2, . . . , m a with m a ≡ Q a (mod 2)) obey the exclusion principle (3.3) but are otherwise freely chosen from the sets 8) and for 2 ≤ a ≤ n
The vectors P min,max = {P min,max a } here are
where ρ ρ denotes the n-dimensional vector (1, 1, . . . , 1), and for a ≥ 2 
Then using (3.12) we can rewrite (2.3) as
It is readily seen that the partition function Z(q) of (3.4), constructed according to (3.6)-(3.9), is indeed equal to the rhs of (3.13).
From (3.8) we see that there is one quasi-particle excitation with an infrared cutoff at low momentum which depends on the number of quasi-particles in the state. This is exactly the situation which occurred in the computation of the branching functions [1] [3] of
, where there are r=rank(G) of these quasi-particles. The additional feature of the present case is that the momenta P a,j for 2 ≤ a ≤ n are restricted by (3.9) to take on only a finite number of values for given m (even in the L → ∞ limit). This phenomenon, while not exactly what was originally envisioned in the term quasi-particle, is in fact a common occurrence in quantum spin chains. It results from cancellations seen in the earliest computations of energy levels in the XYZ spin chain [17] and is seen in all the RSOS models at the boundary of the III/IV regimes [18] . It also has a counterpart in thermodynamic Bethe Ansatz analyses of factorizable scattering theories (see sect. 5 for additional details).
Another feature not encountered in [1] [3] is that the momenta P a,j can now take on negative values, even for a=1, and that the 'single-particle energies' are e a (P ) = vP , not e a (P ) = v|P |. A more complete physical characterisation and interpretation of these excitations is expected to be found from a detailed study of the energy levels of the 3-state chiral Potts model in which the spectrum can be continuously varied from a Z 4 spectrum with 3 quasi-particles to the above spectrum with one quasi-particle and two excitations with finite momentum range. Finally, we note that these finite range excitations, whose O(1/L) contribution to the energy was studied here, also affect the degeneracy of the order one energy levels. A more detailed discussion is found in [8] .
Generalizations
There are many generalizations of the results of sect. 2. We will concentrate here mainly on the character of the (extended) primary field creating the ground state in various series of rational conformal field theories. It appears that these characters can always be represented as fermionic sums
where B is a real n by n symmetric matrix and u a vector whose entries are either 0 or ∞.
When B = 1 2 C n and u = (∞, 0, . . . , 0) the sum (4.1) is of the form (2.3), whereas taking all u a =∞ it degenerates into the form of (1.1).
We believe that all other characters can be obtained by introducing nontrivial "characteristics" Q, A, u as in (2.3). As an example, by elementary manipulations of the results of [2] one can show that up to an overall power of q all the characters of the cosets
can be written in the form (1.1) with m in the quadratic form mC , where e a is an r-dimensional unit vector (or 0). Extending this observation to the coset
which is identical to the minimal model M (3, 4) , we obtain χ , and χ
1,1 + χ
1,2 + χ 
1,1 , we have E 8 -type fermionic representations for all three characters of the Ising conformal field theory. A more detailed analysis is left for future work.
The cosets
The characters of these coset models are given in [19] . We conjecture that the identity character can be represented in the form (4.1) with B = 1 2 C n , n = k + l − 1, and u l =∞, all other u a being 0. For l=2 the series of theories labeled by k is the unitary N =1 superconformal series whose characters are given in [20] . We find that the character corresponding to the identity superfield in these models is obtained by summing over m 1 ∈ Z, m a ∈ 2Z for a = 2, . . . , k + 1.
with simply-laced G.
The corresponding characters can be found in [21] [22] (in [21] the coset models with
] where r is the rank and h the Coxeter number of G). In this case we take B = C −1 G ⊗ C n , n = k + l − 1, where C G is the Cartan matrix of G and C n ≡ C A n as before. Using a double-index notation
we set u U(1) r .) As a non-trivial example consider the coset
of central charge c = 21 22 , which is identified [23] as the Virasoro minimal model M(11, 12) of (E 6 , A 10 ) type [11] . We verified to order q 100 that the corresponding sum (4.1) with all m α a ∈ Z agrees with χ
1,7 (q), which is the extended identity character of this model.
Non-unitary Virasoro Minimal Models M(p, p + 2) (p odd ).
The character χ , and m a ∈ 2Z.
Note that for the first model in this series, M(3, 5), the sum (4.1) reduces to the form of (1. 
Unitary N =2 superconformal series.
Expressions for the characters of these models, of central charge c = 3k k+2 where k is a positive integer, can be found in [25] . The identity character, given by χ Dynkin diagram are labeled by k+1 and k+2, and the junction node is labeled by k), and m k+1 , m k+2 ∈ Z while m a ∈ 2Z for all other a.
Z N parafermions.
The characters of these models are the branching functions b l m [26] of the cosets
, for which one type of fermionic sum representation is [2] The large M behaviour of s M is found by considering
where the contour of integration is a small circle around 0. The behaviour of the integral is now analyzed using a saddle point approximation. We first approximate 2 ) a , these extremum conditions reduce to
where we define σ a =0 if u a =∞ and 1 otherwise, ensuring y a =1 for u a =∞.
At the extremum point with respect to the m a we have
with (ln v) a = ln v a and z a = v a w a , where
is the Rogers dilogarithm function [30] . Now using (5.5) we see that the first term inside the braces in (5.6) cancels against the last. Then using the five-term relation for the dilogarithm [30] 
The y 
coset conformal field theories [32] (the particular case k=l=1 has been treated in [33] [34] , and the case of G=A 1 and arbitrary k, l in [35] [36] [37] ). In the latter framework these equations arise in an analysis of the corresponding factorizable scattering theories where there are r particles which are associated with the labels (α, a=l) in (5.11). All other labels, corresponding to the excitations of finite momentum range in the context of sect. 3, can be thought of as associated with fictitious particles which are sometimes referred to as "pseudoparticles" [35] or "magnons" [32] .
Finally, in order to reproduce (5.1) the sums of dilogarithms must be evaluated. This subject has been extensively investigated [29] [30] [31] [45] and [46] , respectively (for k odd in the latter case, but the sum rule holds for k even as well). The case M(3, 5) has also been treated in [47] , and we checked that our choice of the matrix B appropriate for M(3, 3k + 2) (cf. sect. 5.4) leads to the expected effective central charge also for k > 1.
Finally, the dilogarithm sum rules which are relevant for the theories discussed in sects. 4.5 and 4.6 can be found in [42] and [40] , respectively.
There are numerous other examples of systems of equations of the form (5.5), (5.10) which arise in thermodynamic Bethe Ansatz computations, to which the general method of this section can be applied to obtain (conjectures for) fermionic sum representations of characters.
